The critical behavior is studied using a Monte Carlo transfer matrix applied to the path-integral representation of the model and a finite-size-scaling analysis of data on small system sizes. It is found that, unlike the previous studied case of equal inter and intra-chain coupling constants, the XY and Ising-like excitations of the quantum model decouple for large interchain coupling, giving rise to pure Ising model critical behavior for the chirality order parameter and a superconductor-insulator transition in the universality class of the 2D classical XY model.
1
The one-dimensional frustrated quantum XY model (1D FQXY) has been introduced as a model for studying charging effects in a ladder of Josephson junctions in a magnetic field corresponding to half a flux quantum per unit cell 1 . These charging effects arise from the small capacitance of the grains making up the ladder and leads to strong quantum fluctuations of the phase of the superconducting order parameter. As a result of the competition between the charging energy and the Josephson coupling between the superconducting grains, the one-dimensional array undergoes a superconductor to insulator transition at zero temperature for decreasing capacitance 2, 3, 4 . The universality class of this transition is currently a problem of great interest specially in relation to experiments on two-dimensional superconducting films and Josephson-junction arrays 2, 3, 5, 6, 7 . For a chain of Josephson junctions this critical behavior has been identified with that of the well known classical two-dimensional XY model 8 . However, while for the case of two coupled chains forming a ladder, in the absence of a magnetic field, this critical behavior can be shown to remain unchanged, in the presence of a magnetic field the behavior is more complicated 1, 9 . In particular, at half flux quantum per plaquette, corresponding to the 1D FQXY model 10 we study here, the critical beha vior is expected to be described by the 2D classical XY-Ising model 1, 11 . The existence of both XY and Ising-like excitations in this case result from the frustration induced by the magnetic field and are associated with the continuous U(1) symmetry of the phases of the superconducting order parameter and the plaquette chiralities which measures the direction of circulating currents in the Josephson-junction ladder.
The 1D FQXY model is defined by the Hamiltonian 1 superconducting order parameter and the couplings E rr ′ satisfy the Villain's 'odd rule' in which the number of negative bonds in an elementary cell is odd 12 . This rule is a direct consequence of the constraint that, for the half flux case, the line integral of the vector potential due to the applied magnetic field should be equal to π in units of the flux quantum 13 .
In the classical limit (E c = 0), the ground state of Eq.
(1) has a discrete Z 2 symmetry associated with an antiferromagnetic pattern of plaquette chiralities χ p = ±1 measuring the two opposite directions of the super-current circulating in each plaquette. In a previous work 1 , a particular case of the 1D FQXY model, i.e., E y = E x , has been studied in some detail and it has been found that in fact its critical behavior is consistent with the results for 
In the above equation, θ and φ denote the phases on the left and right columns in odd number of sites L will have a domain wall. Since one is required to obtain the free energy differences at the same value of L, we need to resort to an interpolation scheme for successive odd or even L to determine the interfacial free energy. Results for the interfacial free energy, defined as ∆F (α, L) = L 2 ∆f (α, L), near the transition point α c , for 6 < L < 14, are indicated in Fig. 2 for a particular value of the ratio E x /E y = 3. As in the previous work 1 , to obtain the critical exponents and critical temperature we now employ the finite-size
where A is a scaling function and δ = α − α c . In a linear ap proximation for the argument of A, we have
which can be used to determine the critical coupling α c and the exponent ν independently.
The change from an increasing trend with L to a decreasing trend provides and estimate of To show that in fact one has two decoupled and at the time separated transitions we now consider the results for the helicity modulus which measures the response of the system to an imposed phase twist. In the incoherent phase this quantity should vanishes while it should be finite in the coherent phase. The helicity modulus is related to the free-energy differences ∆F between strips with and without and additional phase mismatch of π along the strip and is given by γ = 2∆F/π 2 for large system sizes. If the model is decoupled then the coherent to incoherent (or superconductor-insulator) transition should be in the universality class of the 2D XY model, where one knows that the transition is associated with a universal jump of 2π in the helicity modulus 18 . Finite-size effects smooth out this behavior as indicated in Fig 4 but the critical coupling can be estimated as the value of α at which ∆F = π. This criteria leads to the estimate α c = 1.29 which is to be compared with the critical coupling for the destruction of chiral order found above, α c = 1.16. This clearly indicates the transitions are well separated and thus one expects they are decoupled.
In contrast, for the case of equal inter and intra-chain coupling constants studied previously these estimates were found to be in fact consistent with each other 1 . We have also performed less detailed calculations at other values of the ratio E x /E y from which we can estimate that the Ising and XY transition merge into a single transition roughly at E x /E y ∼ 2. Since, the superconductor to insulator transition is to be identified with the loss of phase coherence 8 we reach the interesting result that in the 1D FQXY, or alternatively, a Josephson-junction ladder, the universality class of the superconductor-insulator transition depends on the ratio between inter and intra-chain couplings.
In conclusion, we have studied a generalized version of the one-dimensional frustrated quantum XY model which consisted in allowing for different strengths for the inter and intra-chain couplings constants. The model can be physically realized as a one-dimensional array of Josephson junctions in the form of a ladder and in the presence of an external magnetic field corresponding to a half flux quantum per plaquette. It is found that, unlike the previous studied case of equal inter and intra-chain couplings, the XY and Ising-like excitations decouple giving rise to pure Ising behavior for chirality order parameter and a superconductor-insulator transition in the universality class of the XY model. Since these arrays can currently be fabricated in any desired geometry and with well-controlled parameters it is hoped that these results will serve to motivate experiments in these systems. 
